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A Non-stoichiometric Universality in Microbubble-Polyelectrolyte Complexation
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We investigated the fundamental electrical properties of microbubbles (MBs) that are directly
encapsulated by the addition of oppositely charged polyelectrolytes (PEs). Charge-reversal of the
MB-PE complex particles has been observed by the microscopic electrophoresis method, revealing
unusual overcharging behaviors in MB-PE complex solutions, as follows. The critical concentra-
tions of cationic PEs added for overcharging were not only independent of their chain lengths and
molecular species, but also much larger than stoichiometric neutralization points. Thus, we provide
a theoretical sketch that considers the adsorption-desorption kinetics of small anions on the surface
of genuine microbubbles, which can explain the inefficient charge-reversal.
I. INTRODUCTION
Microbubbles (MBs) designate colloidal bubbles with
a diameter ranging from 0.1 to 100 micrometers. Various
techniques for creating micron- and submicron-bubbles
have been found, such as sonication or high-shear emul-
sification, inkjet printing, and microfluidic processing [1].
Because each MB has a large Laplace pressure driving
bubble dissolution, the interior gas tends to be leaked
into aqueous solutions [2]. Coating the gas core by a
shell increases the lifetime of individual bubbles. These
shells have been fabricated using a variety of materials,
such as proteins, lipids and nanoparticles. Coating the
gas particles by various shells slows down gas diffusion,
which results in stability that lasts for a few months [3].
Low gas permeability, leading to efficient trapping of
encapsulated gas inside solutions, is of great interest not
only in terms of green-technological applications includ-
ing fuel cell components and industrial food applications
like flavor additives, but also in many biomedical ap-
plications [4, 5]. Because MBs efficiently absorb ultra-
sound waves in vivo, the encapsulated MBs are applica-
ble for ultrasound contrast agents, targeted drug deliv-
ery, and gene therapy [5]. One of the most promising
shells is the polyelectrolyte (PE) multilayer formed by
a layer-by-layer method that sequentially deposits op-
positely charged PEs onto the gas core material [6, 7].
Moreover, these polymeric shells impart good biocom-
patibility and biodegradability and may provide addi-
tional functionality, such as molecular recognition. In
particular, the cationic shells of the PE multilayer are
useful for DNA vehicles in gene therapy because nucleic
acids can electrostatically couple directly to the surface
of MB capsules. The multilayers also have the poten-
tial advantage of increasing the overall loading capacity
of MB-surfaces due to the electrostatic sandwiching of
DNA between cationic layers. We have obtained posi-
tive results of MBs with DNA shells that enhance in vivo
transfection in gene therapy, using ultrasound-targeted
destruction [8, 9].
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The layer-by-layer method essentially makes use of
the charge reversal phenomena where colloidal particles
are overcharged by adding oppositely charged PEs; how-
ever, the first layer covering the surface of genuine MBs
seems to be an exception. Previous encapsulations [6–
9] have typically been prepared with a lipid or protein
shell substrate on which the first layer of PE chains are
attached instead of direct deposition onto a genuine gas
core. There is a recent report [10] that forms the first
PE layer without the use of other materials, though this
trial involves several steps, such as the introduction of
CO2 MBs. These results imply difficulty in implement-
ing the charge reversal of unmodified MBs that carry
anions due to the adsorption of hydroxyl ions (OH−1)
on the gas surfaces [11]. These surfaces are similar to
oil-water interfaces [12] with no salt added, though such
fundamental issues have been beyond the scope of MB
research other than an investigation [13] by one of the
present authors. Here, we investigate in more detail the
charge-reversal phenomena of MBs using the microscopic
electrophoresis method.
II. EXPERIMENTAL SECTION
We used an MB generator (OM4-GP-040, Aura Tech)
for the production of submicron air bubbles from deion-
ized water. The salt-free MB solutions were in the pH
range of 6.5 to 7.0 [13]. The cationic PEs that were
added to the genuine MB solutions were poly-L-lysine
(PLL, molecular weight (Mw) 70,000-150,000 , Wako)
and two types of poly(allylamine hydrochloride) (PAH):
long PAH (Mw 56,000, Sigma) and short PAH (Mw
17,000, Sigma). We also used polyethylene glycol (Mw
5,000-7,000, Fluka) as a neutral polymer and poly(4-
ammonium styrene sulfonic acid) (Mw 200,000, Sigma)
as an anionic PE. To eliminate aggregates or dusts, we
passed the cationic solutions through a 200-nm pore-size
filter (Minisart, Sartorius) before mixing. The pH of the
MB-PE complex solutions ranged from 7.2 to 7.8. For
comparison, we also measured the electrophoretic veloc-
ity of silica particles (SPs, Duke Scientific) with a nom-
inal diameter of 1 µm as a reference for the anionic col-
loids. Although the SP solutions were stable with a pH
2of 7.0, the SP solutions with PEs added had a pH range
of 7.5 to 8.0.
We detected gas particles undergoing Brownian motion
and electrophoresis at 20 via dark-field microscopy using
a zeta potential analyzer (Zeecom, Microtech). Video ob-
servations of the migrating particles enabled individual
velocities to be measured by tracking the particles, which
has been referred to as the microscopic electrophore-
sis method. We used a rectangular cell of 1-cm height
(2h = 10 mm), 0.75-mm depth (2d = 0.75 mm), and
9-cm length equal to the electrode gap length. The in-
herent electrophoretic drift velocity is obtained by fitting
the theoretical velocity distribution to the measured ve-
locity as a sum of electrophoretic and electroosmotic ve-
locity profiles inside a cell. The theoretical distribution
function for the rectangular housing is of the form [14],
v(x) = veo
[
1− 3
{
1− (x/d)2
2− 384d/(π5h)
}]
, (1)
where veo denotes the electroosmotic velocity in the vicin-
ity of the cell walls, ±d the extension in the direction of
depth, and 2h the height.
III. RESULTS
A. Mean size of microbubbles as Brownian
particles
We evaluated the mean hydrodynamic radius of MBs
that undergo Brownian motion using dark-field mi-
croscopy, as follows. The video analysis provides the
mean square displacement (MSD),
〈
r
2(t)
〉
, of tracer par-
ticles, which is proportional to a time interval t when the
particle displacement is r(t):〈
r
2(t)
〉
= 2dDt, (2)
where D denotes the diffusion constant. We adopted
d = 2 as the spatial dimension because the displacement
vector r(t) lies in a two-dimensional plane when measur-
ing the MSD of the Brownian trajectories of the tracer
particles in the videos. Furthermore, we used the usual
Stokes-Einstein relation,
D =
kBT
6πηa
, (3)
in the diffusion processes of MBs, with kBT being the
thermal energy, η the water viscosity, and a the hydro-
dynamic radius. From eqs. (2) and (3), the MSD mea-
surements were found to give mean diameters, 2a, of the
MBs in various experimental conditions.
Figure 1 shows an MSD versus time lag for genuine
MBs in water at 20 . We evaluated from eqs. (2) and (3)
that the mean-hydrodynamic diameter of the observed
Brownian particles is 2a ≈ 400 nm. The MSD mea-
surements also verified that most MB-PE complexes re-
main approximately 400 nm in diameter [13], except for
FIG. 1. (Color online) The mean square displacement (MSD)
of Brownian particles in microbubble solutions increases as
time interval is larger. The solid line delineates eq. (2) that
is fitted to the obtained data.
a few aggregates that almost entirely isoelectric solutions
are likely to include per micrograph. The dark-field mi-
croscopy, however, facilitates distinguishing these parti-
cles from the other normal particles because the bright-
ness of scattered light by the aggregates is apparently
different from the others. Thus, we avoided tracking the
aggregated particles in electrophoretic measurements.
B. Effective charge density on microbubble
surfaces
Figure 2 demonstrates the linear relationship between
the applied electric field and the inherent electrophoretic
mobility that is extracted from the analysis of position-
ally dependent velocities of both genuine MBs and SPs as
described in section 2. The slopes of the fit lines in Fig. 2
correspond to the electrophoretic mobilities of MBs and
SPs, indicating that the MB-mobility is close to that of
the SPs. That is, Fig. 2 implies that the effective charge
number Z∗MB per uncoated MB is not far from that of SP
(Z∗SP), though salt-free MB solutions have no charged
molecules, other than dissociated water molecules. In
what follows, we evaluate Z∗MB and Z
∗
SP quantitatively
using the Hu¨ckel formula [15] of electrophoretic mobility.
The Debye-Hu¨ckel screening length κ−1 is generally
defined by κ2 = 4πlBI where ionic strength I is due to
free small ions and the Bjerrum length lB is given by lB =
e2/(4πǫkBT ), with e indicating the elementary charge
and ǫ indicating the permittivity of the solvent. In the
present study, we use lB = 0.73 nm, which is calculated
for water at 20 . In the case of salt-free MB solutions, the
ionic strength is given by I = qw, where qw represents
the sum of charge density arising from dissociated water
molecules. We adopt qw = 2× 10
−7 M, for simplicity, in
the above pH range (see section 2), yielding κ ≈ 0.2.
Recent simulation results demonstrate that the follow-
3FIG. 2. (Color online) The mean electrophoretic velocities
of microbubbles dependent on applied electric fields, which
are represented by fitting a straight line with a slope that
corresponds to the mobility. A comparison of the data for
microbubbles and silica particles is also shown, demonstrating
their similarity.
ing Hu¨ckel formula is valid for κa < 1 [15]: µred =
Z∗MB(1 + κa)
−1(lB/a), where the reduced dimension-
less mobility is defined by µred = {3eη/(2ǫkBT )}µ us-
ing the measured one µ. Using this relation, we eval-
uate Z∗MB ≈ 9 × 10
2 for MBs, and Z∗SP ≈ 3.5 × 10
3
for SPs. Because the SP-diameter is approximately 2.5
times larger than that of MBs, a comparison in terms
of the effective charge densities of MBs and SPs, σ∗MB
and σ∗SP, would be more relevant. The obtained ef-
fective charges were σ∗MB ≈ −1.7 × 10
−3eC/nm2 and
σ∗SP ≈ −1.1×10
−3eC/nm2, revealing comparable charge
densities of genuine MBs and SPs, respectively.
C. Charge reversal of microbubble-polyelectrolyte
complexes
Figure 3 displays variations in the slope of the lin-
ear relationships between the applied electric field and
the inherent electrophoretic mobility of various MB-PLL
complexes. As the monomer concentration of PLL, CLL,
is increased, the slope, or the electrophoretic mobility
increases, and the sign of the mobility is reversed be-
yond a critical PLL concentration C∗LL as determined be-
low. Figure 3 illustrates that the electrophoretic mobil-
ity of MB-PLL complexes is negligible when PLL with a
monomer concentration of CLL = 3µM(> C
∗
LL) is added.
We have also performed electrophoresis experiments of
SPs with long PAHs added and have determined the crit-
ical monomer density D∗LAH as a reference by adjusting
the mean total number, which is evaluated by counting
the particles per micrograph, with that of MBs. Never-
theless, the obtained density was D∗LAH ≈ 0.07µM for
the SPs, which is much smaller than the aforementioned
MB density of CLL = 3µM.
FIG. 3. (Color online) The data for various monomer concen-
trations of added PLL and straight fit lines demonstrating a
variation of slopes in the graph of electrophoretic velocity vs.
electric field. The sign change from negative to positive slopes
reflects the overcharging of microbubbles due to the addition
of PLL.
The following consistency of neutralized SP-PAH com-
plexes with the stoichiometry conversely provides clear
evidence of the extraordinary concentration C∗LL far be-
yond the stoichiometric point. In the evaluation of the
bare charge number ZSP that each SP carries, the fol-
lowing two aspects are supposed: the first is that the
stoichiometry at the isoelectric point [16] can apply to
the SP systems, and the other is to regard the obtained
charge density not as effective but as a bare value as-
suming that the complexation results in the release of
small counterions. We thus have the stoichiometric rela-
tion, C∗LL+ZSPCSP = 0, yielding the bare charge density
σSP on SPs that is given by σSP = | − ZSPe/(4πa
2)| ≈
5eC/nm2 where a = 500 nm and e denotes the elemen-
tary charge. The present value (σSP/e ≈ 5) per one
-nanometer area is much larger than the effective one
evaluated above but agrees with the number of silanol
groups per nm2 reported in the literature [17]. This cal-
culated value indicates that what is compensated for with
the total positive charge due to cationic PEs is not the
effective negative charge dressed with a cloud of counte-
rions, but the bare anionic charge that MBs inherently
carry [16, 18]. The simple use of the above electrical neu-
trality condition in the MB-PLL system gives a surface
charge density of −900eC/nm2, or 900 groups of ions per
1 nm2, which is unreasonable.
Figure 4(a) depicts the dependences of electrophoretic
mobilities on monomer concentrations in long-and short-
PAH solutions, as well as on CLL. Figure 4(a) also illus-
trates that different PEs have distinct isoelectric points
4FIG. 4. (Color online) (a) The monomer-concentration dependences of electrophoretic mobilities when three types of cationic
polyelectrolytes (PLL, long-PAH, and short-PAH) are added. Unlike conventional results of charge reversal phenomena in
colloid-polyelectrolyte complexes, it is apparent that no universal curve can be fitted to these data. (b) The electrophoretic
mobilities as a function of added polyelectrolyte concentrations are plotted for the same species, revealing that the sign change
of the mobility occurs at a similar critical concentration of cationic polyelectrolytes.
where the electrophoretic mobilities vanish as a result
of charge compensation. Previous experiments of charge
reversal phenomena, on the other hand, have found that
the stoichiometric neutrality universally represents iso-
electricity in a variety of colloidal systems [16]. Because
an identical charge density due to the addition of oppo-
sitely charged PEs is required for the charge compensa-
tion of colloidal suspensions with equal charge density, a
universal curve as a function of monomer density emerges
by collecting electrophoretic mobilities of previous exper-
iments for various polyelectrolytes with different chain
lengths and/or constituent molecules. In contrast, Fig.
4(a) exhibits that the universality principle is invalid for
MB-PE complexation. Figures 3 and 4(a) reveal un-
usual electrical properties where MB-PE complexes are
not neutralized until an excess amount of cationic PEs
are added, which the stoichiometry is unable to explain.
As a control experiment for revealing the role of op-
posite charges, we added non-cationic PEs (neutral poly-
mers or anionic PE chains) beyond 100 µM in monomer
concentration, where the MBs had the same mobilities
as salt-free MBs within errors. This experiment makes it
clear that PEs play the essential role of attractive electro-
static interactions in the present charge-reversal. Figure
4(b) implements PE density, instead of the monomer con-
centration, as another choice of the transverse axis that
determines electrophoretic mobility. From Fig. 4(b), we
see the following: Before overcharging, the mobilities are
reduced to a similar extent, and the critical PE concen-
trations that effectively cancel the negative charges on
MBs were evaluated from Fig. 4(b) to give approximately
3 nM for the three types of cationic PEs. The close PE
concentrations for charge compensations indicate that
different amounts of cationic charges on polyelectrolytes
are able to equally neutralize the anionic MBs with the
same charges. In other words, there exists a unique curve
that is common to three species of PEs, which seems to
be one of the key features for clarifying the novel situa-
tion in overcharging MB-PE complex particles.
IV. DISCUSSION
A. Mean-size invariance
We have described in section 3.1 that Brownian parti-
cles detected by dark-field microscopy have a similar di-
ameter of approximately 400 nm under all experimental
conditions, implying that the aggregation between MBs
is still suppressed despite adding oppositely charged PEs.
Let us consider the reason in terms of number densities
of MBs and excess amount of PEs. The MB density is
independent of the added PE-concentration and is kept
constant for hours not only in MB-PE complexes [13]
but also in genuine MB solutions [13, 19]. Incidentally,
electrophoretic measurements need to apply three differ-
ent voltages for verifying the linear relationships between
electrophoretic velocities and applied fields as shown in
Figs. 2 and 3, yet it takes less than a few hours to fin-
ish the measurement set of one sample. Therefore, this
stability assures invariant MB or MB-PE systems during
electrophoretic measurements. The unexpectedly long
lifetime that occurs even for uncoated MBs has been ver-
ified by another research group [19], though it remains
5to be settled as to whether the stability is generic to
submicron MBs or due to any artifacts such as tiny sub-
micron dusts that could cover a part of the submicron
MB-surfaces.
The MB density was evaluated by counting the av-
eraged total number of Brownian particles in the ob-
tained micrographs where the absolute value of the num-
ber density has been evaluated using an SP solution of
a known number density as a reference sample. We ad-
justed the SP particle count to that of the MBs by di-
luting the SP solutions. We thus found an MB density
of approximately 3 fmol/L, which means that there are
a few particles in a 100-µm cube. This density is so low
that the slow kinetics of coagulations between MB-PE
complexes may be expected. Moreover, the results in
section 3.3 revealed that excess PE chains exist around
MB-PE complexes that are neutralized instead of being
overcharged and that the surrounding cationic PEs could
prevent one complex from approaching the other similar
to PE-brushes on polymer colloids. These findings ex-
plain why isolated MB-PE complexes with an invariant
diameter and submicron MBs were observable in our ex-
periments.
B. Comparison between effective and saturated
charges per MB
In general, the electric double layer that is formed by
counterions, or dissociated small ions from ionic groups
on each colloid, considerably reduces the actual charge
compared to the effective one. For the SPs, we obtained
the ratio, ZSP/Z
∗
SP ≈ 4600, between bare and effective
charges using the results in sections 3.2 and 3.3. The
large difference implies that the effective charge density
on each MB, which is close to that of each SP, may be far
from the actual MB value. We have an indicator of such
discrepancy because the reduction of the charges that
each MB effectively carries is suggested by reaching an
experimentally determined saturation value; otherwise,
the bare value should be identified with the effective den-
sity unsaturated.
A collection of various experiments demonstrated that
the saturation number Z∗x of effective charges satisfies the
relation,
Zupperx = k
lB
a
, (4)
in accordance with the theoretical prediction based on
the Poisson-Boltzmann approach [20]. In eq. (4), the
coefficient k is in the range of 5 ≤ k ≤ 8 [20]. Equation
(4) provides that 3400 < ZupperSP < 5500, whereas experi-
ments have given Z∗SP ≈ 3500 << ZSP within this range
(see section 3.2), which validates the above discussion.
In contrast, in the case of MBs, we substitute 2a ≈ 400
nm into eq. (4), yielding
1400 < ZupperMB < 2400. (5)
The lower bound of saturated number in eq. (5) is
somewhat larger than Z∗MB ≈ 9 × 10
2. In other words,
the effective MB-charges is not a saturated value, allow-
ing us to identify the effective charge density, σ∗MB ≈
−1.7× 10−3eC/nm2 in section 3.2, with the actual value
that MBs carry. The present value of−1.7×10−3eC/nm2
means that one small anion exists in a 30 nm × 30 nm
square on MB-surfaces. This quantity seems plausible
because hydroxyl ions from water molecules mainly cre-
ate anionic groups that are in adsorption equilibrium on
the air-water interface of MBs.
C. A model for microbubble-polyelectrolyte
complexation
The conventional form of the free energy functional
is F{cm} =
∫
drf [cm(r)] for PEs in the presence of an
oppositely charged wall where cm(r) denotes the inho-
mogeneous distribution of monomer concentration. The
free energy density f [cm(r)] reads in the low salt limit
[21]:
f [cm(r)]
kBT
=
cm
M
ln
(cm
M
)
−
cm
M
+
b2
24
(
|∇cm|
2
cm
)
(6)
−αcsmus −
µp
M
(
cm − c
b
m
)
,
where M denotes the degree of polymerization, b the
Kuhn length of used PEs, α the averaged fraction of
attached monomers in a single polyelectrolyte, csm the
monomer concentration at an oppositely charged sur-
face, −us a constant electrostatic interaction potential
at the surface in the unit of kBT/e, µp the chemical po-
tential per polyelectrolyte chain in the kBT -unit, and c
b
m
the bulk density of monomers. Equation (7) states that
a determining factor of the conventional polyelectrolyte
systems in adsorption equilibrium is not polymer density
but monomer concentration. We have omitted segment
repulsion terms due to both excluded volume and elec-
trostatic contributions in eq. (7) for simplicity partly
because these terms modify the detailed behaviors but
never change the determining factor and partly because
intrachain interactions can be included in the conforma-
tional entropy term that depends on various parameters
such as persistence length [18].
The first three terms on the right hand side (rhs) of
eq. (7) correspond to entropic contributions; the first two
terms arise from the translational entropy of PE chains,
whereas the third term is associated with a loss of confor-
mational entropy. The translational entropy terms with
the 1/M prefactor are usually negligible in comparison
to the free energy variance due to the loss of conforma-
tional entropy, if a constraint exists on chain configura-
tions. The fourth term on the rhs of eq. (7) is associated
with the ionic parings between the ionic groups that poly-
electrolytes carry and the opposite charges fixed on an
interface. Equation (7) manifests that monomer concen-
tration, cm(r), rather than polymer density, determines
6the attractive electrostatic interaction energy as well as
the above entropic contribution.
There are conditions necessary to replace monomer
concentration, used as an appropriate parameter in eq.
(7), for polymer density. Before providing these condi-
tions, we mention non-polymeric systems, including sur-
factant and oligomer solutions, where a simple form of
the adsorption equilibrium is given by
kBT lnφ
b = −∆u, (7)
where φb denotes the bulk volume fraction of non-
adsorbed molecules and −∆u the potential difference be-
tween absorbed and desorbed molecules. The transla-
tional entropy of freely mobile molecules yields the loga-
rithmic term in eq. (7), which is balanced by an energetic
gain ∆u that is independent of the molecular size. The
Langmuir adsorption isotherm is reproduced by adding,
to the rhs of eq. (7), the translational entropy term of
the adsorbed molecules that can still move on the sur-
faces [22]. Equation (7) implies the relevant modifica-
tions of the free energy form, eq. (7), for MB systems.
One necessary condition for this modification is to re-
gard the loss of conformational entropy as negligible in
comparison to the translational entropy terms in eq. (7).
The other condition is to assume that the attractive in-
teraction energy per single polyelectrolyte is independent
of chain length. The latter assumption means that the
contact number of ionic groups on polyelectrolyte chains
on oppositely charged interfaces is invariant with respect
to the variance of polymerization degrees.
By focusing on the different nature of surface charges
between MBs and usual polymer colloids, we discuss the
underlying mechanism that supports the above conjec-
tures on the alteration of free energy form (7). Sur-
face charges on polymer colloids are fixed to the cores,
whereas small anions, such as hydroxyl ions, are dissoci-
ated after a temporary attachment on an MB-surface .
Our idea is to ascribe the irrelevance of conformational
entropy changes to the fast adsorption-desorption kinet-
ics of small anions on MB-surfaces based on the follow-
ing dynamical discussions. First, any constraints on PE
conformations would be effectively absent when there is
a large difference between characteristic times of config-
urational fluctuations and adsorption-desorption of the
anions. Moreover, the loss of conformational entropy is
negligible, and the third term on the rhs of eq. (7) can be
dropped when monomers have no difficulty in changing
configurations. Consequently, the translational entropy
contribution survives as the remainder of the entropic
terms.
It is thus significant for the understanding of MB
systems that the attached cations of PEs are non-
electrostatically dissociated from the MB-surface due to
the desorption of small anions. This feature also affects
the electrostatics, leading to the relation α = γ/M , with
γ being a constant that is independent of the polymer-
ization degree M , as shown below. The fourth term on
the rhs of eq. (7) is then rewritten as
− αcsmus = −γ
csm
M
us = −γc
s
pus, (8)
where we have introduced the PE density cp(r) =
cm(r)/M and c
s
p corresponds to the PE density at an
MB-surface. This expression indicates that the attrac-
tive electrostatic adsorption energy explicitly depends on
PE density and is independent of chain length.
We then prove eq. (8), which represents the unusual
MB electrostatics in the vicinity of oppositely charged in-
terfaces. Emphasis is placed on the anions, instead of the
partners of cationic groups on PE chains, and this allows
identification of the charge cancellation on MB-surfaces
with the electrostatic attachments of cationic groups to
existing hydroxyl ions on the air-water interface (see also
a schematic in Fig. 5). In formulating the free energy Ac
of the anions as counterions of PEs, we adopted the cell
model [18] that considers counterions around a single PE
chain in a large unit cell (a dashed circle in Fig. 5) with
size equal to the distance between chains. Accordingly,
the counterion free energy Ac per single chain is given by
Ac
kBT
= αM ln (αcm)− αM + (1− α)Mµbc, (9)
where cm = M/Vcell corresponds to a locally averaged
density of all the counterions for an adsorbed single
polyion, and µbc denotes the chemical potential of bound
counterions in the kBT -unit. Additionally, cm =M/Vcell
takes a constant value within the cell of volume Vcell that
is determined by a polymer density independently of the
polymerization degree M . While the first two terms on
the rhs of eq. (9) are due to the translational entropy
of counterions that are released from absorbed cationic
groups and are assumed to be mobile only inside the cell,
the last term includes the free energy increment due to
counterions that are bound to either cationic groups or
the air-water interface.
Minimization of eq. (9) with respect to α gives αcm =
eµbc , implying that the mean density αcm of adsorbed
cationic groups is independent of surroundings. When
we also introduce a locally averaged polymer density cp
that is defined by cp = cm/M = 1/Vcell, the present
relation, αcm = e
µbc , reads that
α =
γ
M
=
1
M
(
eµbc
cp
)
=
Vcelle
µbc
M
, (10)
validating the relation (8), or the existence of γ =
Vcelle
µbc independent of M . Combining the above dis-
cussions, eq. (7) is reduced to a function of PE density
cp:
f [cp(r)]
kBT
= cp ln cp − cp − γc
s
pus − µp(cp − c
b
p), (11)
which simply consists of the translational entropy contri-
bution of PE chains, the attractive electrostatic interac-
tion energy of paired ions at MB-surfaces, and the chem-
ical potential term. The free energy form (11) dependent
7FIG. 5. (Color online) A schematic model in formulating the counterion free energy Ac per single polyelectrolyte. Dashed
circles represent unit cells with an equal volume of Vcell. While counterions with the number of (1− α)M are bound to either
cationic groups or the air-water interface, the remaining αM -counterions are freely mobile together with hydrogen ions because
αM -groups of cations that are paired with existing hydroxyl ions on the microbubble surface release the αM -counterions.
solely on cp forms a theoretical basis that provides an
explanation of the universal curve as a function not of
monomer concentration but of polymer density as exhib-
ited in Fig. 4(b).
V. CONCLUSIONS
While it is a challenging task to theoretically explain
why the genuine MBs are stable, at least , for hours as
recently reported [13, 19], our experiments of the long-
lifetime systems have actually demonstrated that the mi-
croscopic electrophoresis method is available for the de-
tailed investigations of electric properties that submicron
uncoated bubbles as well as MB-PE complexes possess.
This method thereby reveals the anomalous behaviors in
overcharging MBs with added cationic polyelectrolyte.
The stoichiometry that isoelectric colloid-PE complexes
have ubiquitously obeyed so far [16, 18] is actually invalid
for compensating MB-charges with oppositely charged
PEs. Ample cations of PEs must be added, resulting
in the delayed formation of neutralized complexes that
are surrounded by a sea of cationic chains. These find-
ings indicate that the attractive electrostatic interactions
play a secondary role in forming the first layer of oppo-
sitely charged PE chains on genuine MBs. Furthermore,
the emergence of a universal behavior becomes apparent
through plotting the PE-density dependences of various
mobilities. Correspondingly, we have provided a theoret-
ical explanation of the universality, focusing on the non-
electrostatic adsorption of small anions, the counterions
of cationic PEs, on MB-surfaces. However, herein, we
provide only a sketch before developing a more elaborate
treatment, which remains to be explored.
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